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The faithful exchange of quantum information will soon become one of the challenges of the 
emerging quantum information technology. One of the possible solutions is to transfer a superposi- 
tion through a chain of properly coupled spins. Such a system is called a quantum wire. We discuss 
the transfer in a quantum wire [1, :2i, 31], when the process of thermalization of the state takes place 
together with the free evolution. We investigate which encoding scheme is more faithful in certain 
thermal conditions. 



I. INTRODUCTION 

The emerging quantum information technology ele- 
vates faithful exchange of quantum states to the rank 
of an important problem. Quantum mechanics allows to 
send information even without any flow of energy. One 
possibility is the teleporation 01 • It is a procedure, in 
which one participant performs a measurement on a par- 
ticle in an unknown state and one more particle to an- 
nounce its result. Having received this message, the other 
party can reproduce the teleported state on his quantum 
system (the original is destroyed). This scheme relies 
on the resource of quantum entanglement, which might 
be difficult to produce. Another option is to use a line 
of mutually coupled spins— ^ representing quantum bits 
(qubits). This coupling should be a natural interaction, 
rather than a sequence of on-demand SWAP gates, to 
minimize the amount of the external control. A uniform 
Heisenberg chain with uniform nearest neighbor coupling, 
like in Sr2Cu03 is not efficient as a quantum wire. 
Its free evolution is only quasi-periodic, but not periodic. 
As a result, information encoded at one end of the chain 
will spread over the whole system, never to refocus at the 
other. This problem was addressed by e.g. Bose [9K and 
subsequently by Burgarth, Giovannetti, and Bose [3]. In 
the latter article the receiver performs at certain times 
the partial SWAP operation. This time-dependent action 
gradually transfers the encoded message to an auxiliary 
qubit. This solution can provide an arbitrarily close to 
perfect transmission, but requires a precise control and 
a relatively large computing power, as the partial swap 
should be in correspondence to the free evolution of the 
state. 

An alternative system was proposed by Christandl et 
al. [H, and independetly by Nikolopoulus 0, 3|- They 
designed a spin chain with modulated interspin coupling 
constants and a periodic free evolution. Whichever state 
from the certain subspace (the one, in which exactly one 
spin-^ is pointing up, rather than down, giving the total 
z-magetization equal to N/2 — 1, herein called one quasi- 
particle subspace or OQS) is created at the beginning of 
evolution, it is mirrored with respect to the middle of the 
chain after one half of the period. This scheme was then 
attempted to be refined by Kay who investigated the 
role of non-nearest neighbor interactions. 



This feature enables to encode a logical qubit in a few 
different ways. Following e.g. [ij] one can (a) encode it 
in the subspace of the state in which all spins are aligned 
with respect to the z-axis and one of the states spanning 
OQS, in particular, the one in which the first spin of the 
chain is anti-parallel to the rest. Another possibility is 
found in where the Authors propose (b) using the 
dual rail, that is two independent chains. An excitation 
in one of them will encode the logical |0), in the other 
- the logical |1). The second scheme requires not only a 
writing head, 

|0)™|00)ab^ |0)„|10),6, 

|l)m|00)afc-> |0)„|01)ab, (1) 

where the subscript in denotes the input data qubit and 
a, 6 are two initial spins, but also a read-out head: 

mcd\^)out\Q)h ^ |00)e<i|0)o„t|0),„ 
|01)ed|0)o„t|0),, ^ |00)e<i|l)o«t|0),„ 

with c, d being the final qubits, out-ihe target qubit, and 
/i-the head ancilla. In presence of decoherence, the head 
should recognize the message as destroyed and set the 
target qubit state maximally mixed when the two final 
spins are co-aligned with respect to the z-axis: 

|00)ed|0)o„t|0),, -^|01)cd(|0)o„t|l)/, + \l)out\2)h) 
\ll)cd\0)out\ff)h ^ -^|10)cd(|0)o„t|l)/i - \l)out\'2)h). 

Also, we can propose yet another encoding (c): |0) is 
physically represented by a fiip of the first spin, |10...0), 
whereas logical |1) is associated to a fiip of the second 
qubit, |01...0). The code utilizes the same heads as (b), 
but only one wire. 

The aim of this report is to study the robustness of 
encodings (a) and (c) against the interaction of the wire 
with an external heat bath. The dual-rail scheme is not 
consiedered, as we assume that doubling the number of 
spins makes the system more sensitive to thermalization. 
The problem of decoherence of a quantum wire was al- 
ready discussed in a number of papers [lol . [ill , [l^ . [T3 |. 
However, in these articles the Authors have considered 
errors addressed to individual spins. Herein, we rather 
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consider coupling with the heat bath through the eigen- 
states of the Hamiltonian, which (except for some cases) 
leads to the Gibbs state p = 1/Zexp(— /3i7). Here, 
(3 — 1/{kT), T stands for the temperature of the heat 
bath, K denotes the Boltzmann constant, H is the Hamil- 
tonian and Z = Tr exp{—f3H) is the partition function. 
The motivation for this approach could be that in some 
systems, the wavelengths corresponding to transitions 
due to decoherence are much longer than the physical 
length of a wire. In the regime of long waves it is diffi- 
cult to consider locaHzed errors. 



II. FORMULATION OF PROBLEM 

We start with the Hamiltonian similar to the one given 
in [ll,[2,i3,], 

N-l 

H = jJ2 VW^){<^t'^f+i + ^^.ffi)- (2) 

i=l 

cr^ and (jy are the x- and y- components of the Pauli 
matrices vector (together with tr^), the subscript denotes 
the spin being acted on, and J = tt is chosen such that 
the period of the free evolution is 1. It is necessary to 
adopt the convention that the operator acting on the spin 
with the lower number stands in front of the other. 

The only difference is that while most Authors consider 
the Heisenberg interaction of the type dl ■ al, we rather 
consider the exchange terms, erf uj -|- ""fcrj. This is not 
relevant for the perfect state transfer, nevertheless, we 
can take the advantage of the exact solvablity of 1-D 
xy spin— i models, first shown by Katsura Which 
interaction actually occurs is a characteristic of a used 
physical system. 

The first step to diagonalize ^ is to perform the 
Jordan- Wigner transformation. By choosing 

«» = l(n}=W)('^j+*^J)' (3) 
«1 = ^ iir^ -i) (-J - , (4) 

one constitutes the canonical anti-commutation relations 
(CAR), {Si, a]} = Sij, {ai,aj} = 0, and gets crfcrf^i + 

^l^l+i ~ 'Ji+iflj + a^fli+i. Hence ^ can be expressed in 
terms of modes of non- interacting quasi-fermions: 

H = A^HoQsA, (5) 

with A — (cii, ...,ajv)^ and Hqqs representing the pro- 
jection of the Hamiltonian onto OQS. It is now clear, that 
the state 10)*^^ = jfi) is the quasi-fermionic vacuum and 
OQS is spanned by one quasi-fermion states. 

In some physical implementaions of the wire, e.g., those 
based on Josephson junctions (see e.g. [13, we 
can also equip each quasi-fermion with some energy of 
its creation (expressed as frequency u) by adding the 



magnetic term ^ ~ '^i) = 1) to the Hamilto- 

nian. This corresponds to replacing Hqqs in I© with 
Hqqs + i^t^NxN- Herein, we will work in the limit of 
ijj ^ JN . The energy of the state is practically deter- 
mined by the number of quasi-fermions. On the other 
hand, this will cause fast oscillations of the relative phase 
between, e.g., the vacuum state and a state of one quasi- 
fermion. Thus we choose lo/ (27r) as a large, even integer. 
The phase will then oscillate an integer number of times 
within half of the period and these oscillations can be 
neglected. 

The second major step in the solution of Katsura is 
a unitary transformation of the quasi-fermionic modes, 
Ci = ^ij^i) which preserves CAR. While the Fourier 

transform is used in , in our case the particular trans- 
formation is the one, which diagonalizes Hqqs. Note 
that elements of {bij} can be always chosen real. Keep- 
ing in mind our choice of the period, we get 

N 

H = Y,{E^+uJ)c\c,, (6) 

i=l 

where Ei = -{N - 1)tt, -{N - 3)7r, {N - l)7r for N 
even and Ei = -{N - 1)tt, 0, (iV - l)7r for N odd. 

The Reader will notice that in scheme (a) for even N 
the transfered state experiences a phase fiip. One may 
either change by tt or let the receiver correct this de- 
formation manually. 

The transfer procedure is as follows. On demand, the 
state of the wire is brought to the vacuum state. For 
u! > {N — l)7r this can be done by cooling the system. 
Subsequently, the transmitee state is is encoded to the 
first (a) or the first two (c) spins of the chain. The re- 
ceiver waits half of the period and decodes the message at 
his end. On top of the free evolution, as we assume, the 
wire is coupled to an external heat bath. This coupHng 
occurs through the Hamiltonian eigenmodes and shall 
be seen as annihilation or creation of quasi-fermions in 
the wire, accompanied by annihilating or creating bosons 
in the external field. Let us take the probability per 
unit time of loosing ith quasi-fermion as and, accord- 
ing to the quantum detailed balance condition (l7l |. the 
probability per unit time of the inverse process reads 
7i eyir>(—0(uj+Ei)). Hence the master equation governing 
the evolution uM is 



N 
N 

+ X! y exp(-/3(w + Ei)) {2c\pc, ~ c,c\p ~ pc,c|) • 

i=l 

(7) 

It is noteworthy that, since the action of L involves 
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the energy states, one can neglect the free evolution and 
instead study the fidelity of the image of the initial state. 

Decoherence will most generally act on the state as the 
following map: 
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(8) 



The quantity of our interest is the average fidelity, F = 
in PoutW) in pd/idV")™) (/ d^J^{\1p)in) = 1). From JH]) 
we find it to be F = \{^~\-{\xx + \y + Xzz)l'i)- There are 
two important thresholds on mean fidelity. If it equals \ , 
no effort was taken for the transmission. If it is not above 
|, no quantum information was transfered. Equally well, 
the sender could have performed a measurement on his 
qubit and announce the result. The receiver could then 
have aligned his spin respectively to the message. 



III. ANALYTICAL RESULTS 

In this section we investigate effects of decoherence in 
the Hmit of weak coupHng, 7.; 0. Then, at half of the 
period of the free evolution, when the transfer should 
have occurred, the state is close to: 



= miM 

N 

1=1 

- \c\c^\iJo){'lpo\-]^\iJo){'lpo\c\ci) 



N 



^ ^ exp(-/3(i?, + c^)) (cj 1^0) (^0 
-^c,cJ|V'o)(V'o| - ^|V'o)(i/'o|qcJ,) 



(9) 



where iV'o) is the initial state. 

In order to extract the elements of the map, we send 
the Pauli operators, rather than states. Encoding (a) 
involves the following operators to construct the initial 
states: 



1^'^) = +al|f7)(f7|ai, 



(10) 

(11) 
(12) 

(ct^ = ^(cr^ ± ifJ^), (cr^)^ = cr^), while in encoding (c) 
we have 

= a\\iS)ip\ax'Va\\VL)(Sl\a2, (13) 
= al|f7)(f7|ai -4l^>(^^|a2, (14) 
(T-('=) = al|f7)(f7|a2. (15) 



Consequently the average fidelities read 

+ ;i Tr(ali(a^('^))ai - a^L{a''^''\a\) 
z4 ^ . ^ 



-TraiL(cr+(")) 



(16) 



F(c) ^ 1 



24 



\Tra\PL{G"^^'''^)Pax 
6v ^ ' 



(17) 



P ~ aia|a|a2 + a|aia2a2 is the projector ruling out the 
case of the two spins being aligned in the z direction. 
Plugging ^ to the above we get that at infinite tem- 



perature (/3 = 0) 



(a) 



Eti 27.&?i, and F^^^ = Y^U 7«(&h - 2). 
Thus, independently of coupling constants, the encoding 
(c) is more robust against the weak thermalization than 
(a). In particular, when Vi7i — F One gets F^'^) = ^^\ 
and F(°^ = 1 — Fy . For long chains at high temperature, 
decoherence quickly removes the quantum features of the 
transferred information in scheme (a). 

Considering the limit of T ^ and the case of 
w > (A^ — l)7r in the same fashion, one gets that F^"'^ — 
1 - 3 Eti l^ and F(-) = 1 - i Eti ^^^\^■ I" f^ct, in 
this case ([7]) is exactly solvable and gives F(°)(t) = i(l + 

Etiexp(-7.i/2)) and F^<^(t) = ^(1 + Eti exp(-7^^)■ 
This is because all states are irreversibly transformed into 
the vacuum state, which alone cannot transfer any infor- 
mation. 

These two results show that the advantage of one en- 
coding over the other depends on thermal conditions. At 
low temperatures, fidelities in both schemes decay expo- 
nentially, but in (c) the decay is faster. At high tem- 
peratures, on contrary, decoherence in scheme (a) acts 
mainly on coherences, with the strength proportional to 
N . Note that the high temperature behavior discussed 
above is true, independently of w and 7iS 

Let us now pass to the detailed discussion on the 
scheme (c). Let us assume w ^ 00. We thus take the 
rescaled inverse temperature, /?' — LoP. We also take 
Vi7i = 7. It was confirmed numerically that 

F(^)(F, t) ~ ^(1 - Pap{T, t) exp(-ai eM-P')^^t^)) 

(18) 

and 



(c) _ p(c) _ p{c) _ 



E^i7«(&a 



N 



Pap(F, t) « pi(F, t) exp(-a2 exp(-/3')F2t2)). 



(19) 



Here, when we switch off the free evolution, _Pap(F,t) is 
the probability that the two spins are anti-parallel with 
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respect to the z-axis. pi(T,t) is the probabihty that the 
whole system contains exactly one quasi-fermion. Hence 
Pi(r,t) can be found from the classical master equation 
for populations. 

Numerics show that oi = 2 and 02 — N — 2. 
This allows to interpret equations (jlSllOp . The factor 
exp(— /3')r^ is a product of per-unit-time probabilities of 
subsequent annihilating and creating (or the otherwise) 
a quasi-particle. This can be seen as a collision of the 
quasi-fermion with field boson; the number of particles 
(and in this special case, the energy of the wire) is con- 
served, but quantum numbers change. The value of 02 
shows that l|19p is the effect of annihilation of the quasi- 
fermion in 2-dimensional subspace of OQS carrying the 
information, and its creation in the remaining, irrelevant 
{N — 2) dimensions of OQS. Relation (fTSl should then 
correspond to swaps within the essential 2D space. Note 
that ai is expected to be 1, rather than 2, as compared to 
02. This is because the decohered state not only looses 
its overlap with its original, but also has an increased 
scalar product with the other state. 

A similar, but more complex behavior of F^'^'> with re- 
spect to pi can be observed even if uj is not significantly 
larger than maxiJ^ or the absorbsion/emission rates are 
not uniform. In either case, the decay is expected to 
be rather of the type F^^^ ~ +^^1 ^» exp{-kt'^)), 
with VJi > 0, J2i h — ^ and U^s being exponentially de- 
caying functions of The reason for this complication is 
that now every collision involving a given pair of quasi- 
fermions happens at its own rate. However, this tells us 
that the fidelity of transfer is at least upper bounded by 
(1 +pi)/2, which, in general, can be obtained from the 
solution of the Pauli equation for diagonal elements of p. 



IV. NUMERICAL RESULTS 

In the following section we will discuss the competi- 
tion between the encoding strategies on few potentially 
interesting examples. 

The first case is of w ^ l/r and Vi7i = T. This allows 
us to introduce a new scale for temperature, /?' = w/3. 
The numerical simulation was done for N = 6 (Figure 1) 
and N = 7 (Figure 2). Te scheme (c) is more faithful in 
the whole region plotted in Figures 1 and 2. While the 
region of F^'^'> > 2/3 (left from solid lines) seems to be 
stable with N, the part ofthe plot with of F'^'^^ > 2/3 
(left from dotted lines) is larger for = 6 and N — 7. 
Consequently, the grey part of the plot, where we have 
> p{a) ^ shrinks. 

As Lo lessens, the wire might experience a series of 
quantum phase transitions. As can be seen from eqn. 
([6]), the first such transitions for the considered length 
of = 6 happens at lo = Stt. It is a change of the 
ground state from the quasi-fermionic vacuum to a state 
from OQS. This phase transition affects the process 
of thermaHzation at finite temperatures. The Figure 4 
presents curves F(^a) =2/3, =2/3 and the region of 




FIG. 1: Fidelity thresholds for encodings (a) and (c) for N = 6 
and uj)oo as functions of Fr and /3'. In all Figures, -F''^' > 2/3 
occurs on the left from the solid line, F^""^ > 2/3 is left from 
the dotted curve, and the region of F(c) > F(a) is colored gray. 




FIG. 2: Fidelity thresholds for encodings (a) and (c) for A = 6 
and w ^ 00 as functions of Fr and P' . 



F{c) > F{a) for UJ = S.OItt. The coupHng constants have 
been taken 7^ = j{Ei + w)^. The quadratic dependence 
of 7iS on the energy would follow from the fact that the 
coupHng strength should be proportional to the density 
of modes of the given frequency. 

We observe that scheme (c) is advantageous over (a) 
only at very low temperatures. The advantage soon van- 




FIG. 3: Plots of - F^a) at = for iV = 6 (dotted) and 
iV = 7 (solid). 
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FIG. 4: Fidelity thresholds for encodings (a) and (c) for A*' = 6 
and ui = S.OItt as functions of 7r and /3. 
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FIG. 6: Fidelity thresholds for encodings (a) and (c) for A'^ = 6 
and a; = as functions of 7r and /3. 
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FIG. 5: Fidelity thresholds for encodings (a) and (c) for = 6 
and a; = 47r as functions of 7r and (5. 



ishes to return for higher 7T, but for these values, neither 
of the schemes allows to send the state coherently. 

The next value of uj, which is potentially interesting, 
is 47r. As we have argued in the previous paragraph. 
OQS plays a special role in scheme (c). For Stt < w < 
Stt, the ground state lies in that subspace, hence one 
could expect a higher efficiency of the two-spin encoding. 
For the mode, for which lu + Ei < 0, rhe roles of the 
absorbsion and the emission are interchanged. Again, 
7i = j{u! + Ei)"^ . Figure 5 shows that, as compared to 
the previous case, (c) is more robust against decoherence 
only at high temperatures. However, at /? = (a) is 
never more optimal. 

Finally, we investigate the case of w = an 7^8 as 
above. This seems to be a natural regime for spin-based 
implementation of the wire. We would like to make a 
note, that, in general, ^ might be not sufficient as a 
model of decoherence. For N odd, there exist a mode 
of the total energy 0, which is hence not coupled to the 
environment. In such a case, one should also include 
processes involving more than one quasi-fermion. These 
events can be taken neglibly unlikely as compared to the 



most probable one quasi-fermion transitions. Within our 
model, we are still able to make some estimates with cal- 
culations for N = Q. Figure 6 suggests that the scheme 
(c) provides a higher fidelity than (c), even at low tem- 
peratures. > was never observed at /? = 0. 

V. SUMMARY 

In this article, we have addressed the problem of the 
interaction of a quantum wire with an external heat bath 
during the state transfer. We have taken a simple case of 
XX inter-spin coupling and the change of quasi-fermions 
from the wire into bosons from the external field, and 
vice verse, as an elementary process of decoherence. We 
have compared two strategies of encoding: (a), when two 
logical states are encoded into two states of one physi- 
cal qubit, and (c), when each logical state corresponds 
to a flip of different spin. The dual-rail scenario (b) has 
been discarded, basing on the assumption that the overall 
effect of thermalization is stronger on the bigger infras- 
tructure. 

Our thermalization model could be suitable for chains, 
which couple to waves longer than the physical length 
of the wire. This is the case, when spin-spin interac- 
tions are weak. Long wavelengths allow to address the 
constituents of the chain collectively, rather than each of 
them individually. They are also responsible for the high 
susceptibility of the system to temperature. Hence in re- 
alistic implementations, the high T regime will be of a 
great relevance. 

In general, neither of the schemes is more optimal than 
the other. We have proven that at /3 = and for some 
time (c) is more faithful than (a), regardless of values 
of 7iS. We have also shown numerically, that the latter 
scheme is more robust even at lower temperatures in two 
interesting cases of w ^ 00 and w = 0. One should point 
out, however, that for large uj the advantage of (c) over 
(a) was considerably smaller for the longer chain. 

A complicated competition between the encodings 
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originates from two different behaviors of the encoded 
state. In the single spin encoding, the off-diagonal ele- 
ments of the state, which express the superpositions of 
different number of quasi-particles, are most affected. In 
case of two-spin encoding, we deal with the migration 
of particles, and their coUisions. Initially, collisions are 
highly probable, As time (or 7js) grows, the decay of fi- 
delity due to collisions becomes dominant. Eventually, 
scheme (a) turns out to be more faithful. 
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